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0.7 Definition 6: Tangent plane

- Consider a function f(z,y) defined in D that represents a surface S in R3.
- This function has continuous first partial derivatives in D.
- Also, Py(zo, Yo, za) is the center of an open disc B.(F) € D.

- Let C; and C; be the two curves obtained by intersecting the surface S with the two
planes £ = 7o and ¥ = Yo, respectively. If T} and T5 are the tangent lines at the point P
to the curves C, and Cs, respectively,

then the tangent plane to the surface § at Py is defined to be the plane that contains both
tangent lines T and T>.

0.8 Theorem 2: Equation of the tangent plane

If f(,7) and the surface S satisfy the conditions of the previous definition then, an equa-
tion of the tangent plane to the surface S, represented by the equation z = f(z,y), at the
point P is given by

z — 2o = fo{Zo, yo)(z — Ta) + fy(0, %0) (¥ — o)

0.9 Definition 7: Linear approximation of f at (zo, %)

For f satisfying the conditions of Definition 1, we define the linear approzimation of f at
(o, o) as
L(z,y) = f(zo,%0) + fo(zo, o) — Za) + fu(2o, %0)(y — ¥0)

0.10 Definition 8: Differentiability

el
Assume f has partial derivatives at (xo, %)) € D, we will say that f is differentiable at .
(mﬂayﬂ) if &{

Az = f(zo + Az, yo + Ay) — F(zo, ) = felTo, Yo)AT + fy(Z0, 1) Ay + €1 AT + €28y, WM
where ¢;, €2 — 0 as (Az, Ay) — (0,0) ﬂhal {¥

0.11 Theorem 3: Sufficient condition for differentiability

If the partial derivatives f; and f, exist near (g, %0} and are continuous at (zp, o), then
f is differentiable at (o, %o)-
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0.12 Definition 8: Total differential

For f differentiable on D, we define the total differential function as
dz(dz, dy) = fz(zo, yo)dz + fy(Zo, yo)dy
In particular, if dz = Az = z — 7o and dy = Ay =y — ¥ then,

dZ(AIr Ay) = fz(xﬂa yU)AI + fy(‘rﬂryﬂ)Ay

0.13 Definition 9: Directional Derivatives

Consider a function f(z,y) defined in D that represents a surface 5 in R3. Also, Py(ze,v0, 20)
is the center of an open disc B.(FP;) C D. Then, we define the directional derivative of f
at (Zo, 7o) in the direction of the vector u = (a, b) as

f(.'-l’:u + hﬂ, Yo + hb) — f(IO: yﬂ)
h

Duf(xﬂayﬂ) = };if.r(l)

0.14 Theorem 4

If f is a differentiable function of z and y in a domain D, then f has directional derivatives
in the direction of any unit vectors u = {a, b) and

Duf(l'a y) = fz(-'L': y)a + fyl:I, y)b

0.15 Definition 10: Gradient

If f has partial derivatives on D, the gradient of f is the vector function V f defined by

Vf($1 y) = (fz(x:y): fy(z!y])

0.16 Proposition 1

If f is a differentiable function of z and y in a domain D, then the directional derivative
of f in the direction of the unit vector u = (a,b) can be written as

Duf(:cly) = Vf(z,y) ‘u
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